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If physics beyond the Standard Model enters well above the electroweak scale, its low-energy effects
are described by Standard Model Effective Field Theory. Already at dimension six many operators
involve the antisymmetric quark tensor q¯σµνq, whose matrix elements are difficult to constrain from
experiment, Ward identities, or low-energy theorems, in contrast to the corresponding vector and
axial-vector or even scalar and pseudoscalar currents. However, with normalizations determined
from lattice QCD, analyticity and unitarity often allow one to predict the momentum dependence
in a large kinematic range. Starting from recent results in the meson sector, we extend this method
to the nucleon case and, in combination with pole dominance, provide a comprehensive assessment
of the current status of the nucleon form factors of the quark tensor.
I. INTRODUCTION
When the Standard Model (SM) is considered an ef-
fective low-energy theory, physics beyond the SM (BSM)
can be encoded in higher-dimensional operators that
supplement the SM Lagrangian but still respect the
SU(3)×SU(2)L×U(1) gauge symmetries. At dimension
5 only a single such operator exists, the lepton-number-
violatingWeinberg operator [1], but at dimension 6 a host
of new terms become possible [2, 3]. Among these are op-
erators that involve quark currents q¯fΓqi, with possible
Dirac structures Γ ∈ {1, γ5, γµ, γµγ5, σµν}. For the cal-
culation of low-energy observables the matrix elements of
these operators are often crucial input quantities, both
in mesonic and baryonic systems. However, due to the
absence of scalar, pseudoscalar, or tensor probes in the
SM, only the matrix elements of vector and axial-vector
quark currents can be directly taken from experiment.
Scalar and pseudoscalar operators are related to vector
and axial-vector ones by Ward identities [4–6]
∂µ(q¯fγ
µqi) = i(mf −mi)q¯fqi,
∂µ(q¯fγ
µγ5qi) = i(mf +mi)q¯fγ5qi, (1)
known as the conservation of the vector current (CVC)
and partial conservation of the axial current (PCAC),
which sometimes imply relations among matrix elements,
e.g. in the context of nuclear β decay [7]. Similarly,
the chiral symmetry of QCD provides constraints in the
form of low-energy theorems, corrections to which can be
systematically studied in chiral perturbation theory [8–
10], e.g. the Callan–Treiman low-energy theorem for Kℓ3
and Kℓ4 form factors [11–16] or the Cheng–Dashen low-
energy theorem for the pion–nucleon σ-term [17–20]. In
contrast, for the tensor current even in the meson sector
unknown low-energy constants appear already at leading
order [21], so that in general matrix elements of the quark
tensor current are difficult to constrain from experiment,
both directly and indirectly, with the only indirect con-
nection via moments of parton distribution functions [22–
27]. Accordingly, these matrix elements are critical input
quantities for BSM searches in a variety of processes, in-
cluding kaon [28, 29] and τ decays [30–32], dark matter
searches [33–37], µ→ e conversion in nuclei [38–41], and
electric dipole moments [42, 43].
In recent years precise calculations of the tensor
charges from lattice QCD have become available both for
mesons [44, 45] and the nucleon [46–49], which thus de-
termine certain form factor normalizations. Depending
on the application also the momentum dependence be-
comes relevant, but to constrain this behavior additional
information is available from analyticity and unitarity
of the form factors. In fact, as long as a single inter-
mediate state dominates the unitarity relation, an exact
representation can be given in terms of amplitudes that
at least in principle are accessible in experiment as well
as the normalization as determined from lattice QCD.
Physically, such relations come about because a vector
resonance can be described equivalently by a vector or
an antisymmetric tensor field [50, 51], in such a way that
the same hadronic resonances appear in both form fac-
tors. This strategy has been used recently in the context
of τ decays [31, 32].
In this Letter we focus on the nucleon matrix elements.
First, we consider pipi intermediate states and derive the
corresponding unitarity relation, in analogy to the elec-
tromagnetic form factors [52–57]. In combination with a
narrow ω resonance this determines all 2pi and 3pi contri-
butions corresponding to JPC = 1−− quantum numbers.
As first pointed out in [58], there are also contributions
from the 1+− channel, dominated by the h1(1170) and
b1(1235) resonances for isospin I = 0 and I = 1, which
mainly couple to 3pi and 4pi intermediate states, respec-
tively. Combining all information from lattice-QCD ten-
sor charges, analyticity, unitarity, and pole dominance,
we provide a complete description of the nucleon tensor
form factors below
√|t| <∼ 1GeV.
2Im = t11 F
piF pi
FIG. 1: Elastic unitarity relation for the pion form factors
F pi = {F Vpi , B
pi,q
T }. The dashed lines denote pions, the wiggly
lines the external current, and the short-dashed line indicates
that the intermediate-state particles are to be taken on-shell.
II. MESON FORM FACTORS
The standard decomposition of the pion matrix ele-
ment of the electromagnetic current
jµem =
∑
q=u,d,s
Qq q¯γ
µq, Q =
1
3
diag
(
2,−1,−1), (2)
reads
〈pi+(p′)|jµem|pi+(p)〉 = (p+ p′)µFVπ (t), t = (p′ − p)2,
(3)
where charge conservation determines the normalization
of the form factor FVπ (0) = 1. Elastic unitarity gives the
imaginary part from pipi intermediate states, see Fig. 1,
ImFVπ (t) = σπ(t)
(
t11(t)
)∗
FVπ (t), (4)
where σπ(t) =
√
1− 4M2π/t and t11(t) is the P -wave pipi
partial-wave amplitude related to the phase shift δ11(t)
according to
t11(t) =
1
σπ(t)
eiδ
1
1
(t) sin δ11(t). (5)
Equation (4) is a manifestation of Watson’s final-state
theorem [59] that equates the phase of the form factor
with δ11(t), leading to a representation in terms of the
Omne`s function [60]
FVπ (t) = Ω
1
1(t), Ω
1
1(t) = exp
{
t
pi
∫ ∞
4M2
pi
dt′
δ11(t
′)
t′(t′ − t)
}
.
(6)
In practice, this representation does not fully capture
all properties of FVπ (t): corrections arise from inelastic
states such as 3pi in the vicinity of the ω(782) resonance
(isospin-violating) as well as 4pi above 1GeV (isospin-
conserving). These effects can be accounted for by suit-
able extensions of the Omne`s representation, see [61–70],
but due to the dominance of the ρ(770) the Omne`s factor
provides the bulk of the contribution, see Fig. 2. In par-
ticular, the low-energy parameters are well reproduced,
e.g. the radius
〈(rVπ )2〉 = 6
dFVπ (t)
dt
∣∣∣∣
t=0
= 0.419 fm2 (7)
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FIG. 2: Comparison of the Omne`s factor Ω11 to the full result
for F Vpi [70].
differs from the full result [70]
〈(rVπ )2〉 = 0.429(4) fm2 (8)
by about 2%, where the increase with respect to (7)
comes from inelastic effects.
For the decomposition of the pion matrix element of
the tensor current we take [45, 71]
〈pi+(p′)|q¯σµνq|pi+(p)〉 = i
Mπ
(
p′µpν − pµp′ν)Bπ,qT (t). (9)
The crucial observation is that elastic unitarity produces
exactly the same result as in (4)
ImBπ,qT (t) = σπ(t)
(
t11(t)
)∗
Bπ,qT (t), (10)
so that up to inelastic corrections we may write
Bπ,qT (t) = B
π,q
T (0)F
V
π (t). (11)
In principle, analyticity and unitarity alone would allow
for an arbitrary polynomial multiplying the Omne`s fac-
tor, but in the same way as for the vector form factor
constraints from perturbative QCD [72] should lead to
an asymptotic 1/t behavior. With the normalization de-
termined from lattice QCD [45]1
Bπ,uT (0) = −Bπ,dT (0) = 0.195(10), (12)
this essentially determines the tensor form factor
throughout
√
t <∼ 1GeV except for close to the ω res-
onance. In particular, we obtain for the radius
〈(rπ,uT )2〉 =
6
Bπ,uT (0)
dBπ,uT (t)
dt
∣∣∣∣
t=0
= 0.43(1) fm2, (13)
1 All tensor matrix elements are quoted at an MS scale µ = 2GeV.
3where we have adopted the central value from (8), as-
suming that inelastic effects modify 〈(rπ,uT )2〉 in a similar
way as 〈(rVπ )2〉, and the error is motivated by the corre-
sponding difference between (8) and (7). Phenomeno-
logically, these relations work because of the dominance
of the ρ(770).
A similar argument applies to the flavor-non-diagonal
current s¯σµνu, whose piK form factor
〈K0(p′)|s¯σµνu|pi+(p)〉 = i
MK
(
p′µpν − pµp′ν)BπKT (t)
(14)
is related by elastic unitarity to the Kℓ3 form factor
f+(t) [29]
BπKT (t) = B
πK
T (0)
f+(t)
f+(0)
, (15)
and inelastic corrections are suppressed with respect to
the K∗(892) resonance. With normalization BπKT (0) =
0.686(25) [45] and df+(t)/dt = f+(0)λ
′
+/M
2
π as measured
in Kℓ3 experiments, λ
′
+ = 25.2(9)× 10−3 [29], this gives
〈(rπKT )2〉 =
6
BπKT (0)
dBπKT (t)
dt
∣∣∣∣
t=0
= 0.30(2) fm2, (16)
where the uncertainty derives from the comparison of the
physical λ′+ with the derivative of the piK Omne`s factor
as an estimate of the impact of inelastic effects.
Finally, we note that the lattice normalizations de-
termine some of the low-energy constants Λi from [21].
The pipi result (12) implies Λ2 = F
2
πB
π,u
T (0)/(2Mπ) =
6.0(3)MeV [73, 74], in good agreement with the SU(3)-
related version Λ2 = F
2
πB
πK
T (0)/(2MK) = 5.9(2)MeV.
Further, by assuming ρ pole dominance, we obtain the
relation (see also [73])
Λ1 = −
M2ρB
π,u
T (0)
4gρππgργMπ
= −7.1(7)MeV (17)
in terms of the ρpipi and ργ coupling constants [75–77],
and we have attached a 10% uncertainty as suggested
by the analog estimate for the charge radius 〈(rV,ρπ )2〉 =
6/M2ρ = 0.39 fm
2.
III. NUCLEON FORM FACTORS
The nucleon transition matrix element of the electro-
magnetic current operator has the standard form
〈N(p′)|jµem|N(p)〉 = u¯(p′)
[
γµF1(t) +
iσµνqν
2mN
F2(t)
]
u(p),
(18)
where q = p′ − p. For the isovector combinations F vi =
(F pi −Fni )/2, pipi intermediate states again dominate the
unitarity relation, in such a way that the strategy from
the mesonic system generalizes in a straightforward way
to the nucleon case, see Fig. 3. The main difference,
Im = f
1
± F piFN
FIG. 3: Elastic unitarity relation for the isovector nu-
cleon form factors FN = {Fi, F
q
i,T } and accordingly F
pi =
{F Vpi , B
pi,q
T }. The solid lines denote nucleons, otherwise nota-
tion as in Fig. 1.
however, concerns the fact that on the right-hand side
of the unitarity relation both the scattering amplitude,
pipi → NN¯ in this case, and the pion form factor enter as
input. Following the notation from [68, 78], we have [52,
53, 79]
ImF v1 (t) =
q3t
2
√
t
(
FVπ (t)
)∗(2mN
p2t
Γ1(t) +
√
2f1−(t)
)
,
ImF v2 (t) = −
mNq
3
t
p2t
√
t
(
FVπ (t)
)∗
Γ1(t), (19)
where f1±(t) are the P -wave partial waves for pipi → NN¯ ,
Γ1(t) =
mN√
2
f1−(t)− f1+(t), (20)
and pt =
√
t/4−m2N , qt =
√
t/4−M2π .
The matrix elements of the tensor current decompose
according to [80, 81]
〈N(p′)|q¯σµνq|N(p)〉
= u¯(p′)
[
σµνF q1,T (t) +
i
mN
(
γµqν − γνqµ)F q2,T (t)
+
i
m2N
(
Pµqν − P νqµ)F q3,T (t)
]
u(p)
= u¯(p′)
[
σµνF q1,T (t) +
i
mN
(
γµqν − γνqµ)Fˆ q2,T (t)
+
1
m2N
(
σµαqν − σναqµ)qαF q3,T (t)
]
u(p), (21)
where P = p + p′ and Fˆ q2,T (t) = F
q
2,T (t) + 2F
q
3,T (t). As
expected, the evaluation of the unitarity relation of the
tensor form factors from pipi intermediate states produces
a result that only depends on the P -wave amplitudes. We
find
ImF q,v1,T (t) = 0,
ImF q,v2,T (t) = −
mNq
3
t
2Mπ
√
2t
(
Bπ,qT (t)
)∗
f1−(t),
ImF q,v3,T (t) = −
m2Nq
3
t
4Mπp2t
√
t
(
Bπ,qT (t)
)∗
Γ1(t). (22)
4Using (19) and (11), this leads to the identification
F q,v1,T (t) = 0,
F q,v2,T (t) = −
mN
2Mπ
Bπ,qT (0)
(
F v1 (t) + F
v
2 (t)
)
,
F q,v3,T (t) =
mN
4Mπ
Bπ,qT (0)F
v
2 (t), (23)
for the I = 1, JPC = 1−− contribution, valid up to
inelastic corrections. In particular, vector intermediate
states do not contribute to F q,v1,T . As a first check on
these relations we consider the tensor anomalous mag-
netic moments κqT = −2Fˆ q2,T (0) and compare to lattice
QCD [82]
κu,pT ≈ 3.0, κd,pT ≈ 1.9, (24)
in reasonable agreement with (23)
1.1 ≈ κu,pT − κu,nT =
mN
Mπ
Bπ,uT (0) = 1.31(7), (25)
where we have assumed isospin symmetry κu,nT = κ
d,p
T
etc. In fact, the identification (23) is precisely what one
would have obtained assuming a narrow resonance to de-
scribe the ρ: using the Lagrangian from [83] we find
F v,ρ1 (t) =
1
2
Dρ(t), F
v,ρ
2 (t) =
κρ
2
Dρ(t), (26)
with Dρ(t) = M
2
ρ/(M
2
ρ − t), where gρ = gργ has been
assumed to ensure the correct normalization of F v1 and
κρ parameterizes the magnetic-moment coupling of the ρ
in the conventions of [83]. Moreover, ρ pole dominance
gives for the ratio of tensor and vector coupling constants
FTρ
Fρ
=
Bπ,uT (0)
2
Mρ
Mπ
= 0.54(3), (27)
in reasonable agreement with the most recent result from
lattice QCD FTρ /Fρ = 0.629(8) [84] and not far from the
expectation 1/
√
2 from large Nc [85]. Accordingly, the
calculation of the nucleon tensor form factors then repro-
duces (23), in such a way that the dispersive derivation
in terms of the spectral functions should be considered a
more rigorous justification that does not rely on a narrow-
resonance assumption, only on the dominance of elastic
intermediate states.
Beyond the isovector combination, these arguments
for (23) suggest to estimate the isoscalar 1−− contribu-
tions in a similar way based on a narrow ω as a descrip-
tion of the 3pi channel
F s,ω1 (t) =
1
2
Dω(t), F
s,ω
2 (t) =
κω
2
Dω(t). (28)
Lattice results for FTφ /Fφ indicate a deviation from the
ρ around 10% [86–88], which in turn implies that FTω /Fω
should be very close as well, given that the SU(3) correc-
tions are absent while the small Okubo–Zweig–Iizuka rule
violations only increase by a factor 2 [89]. In this way, we
obtain an isovector analog of (23) up to an overall factor
of gωγ/gργ = 3. Indeed, the comparison to the isoscalar
combination of tensor anomalous magnetic moments
4.9 ≈ κu,pT + κu,nT = 3
mN
Mπ
Bπ,uT (0) = 3.94(20) (29)
works at a similar level as (25), and both are in rea-
sonable agreement given the exploratory character of the
lattice results [82] and the fact that the dispersive deriva-
tion relies on an unsubtracted dispersion relation. Note
that even for the channels for which no rigorous spectral
functions as in (22) are known, an ansatz for the full mo-
mentum dependence with good analytic properties can
be made by replacing the narrow-width propagators by
a dispersion relation
1
pi
∫ ∞
tthr
dt′
Im dR(t
′)
t′ − t , dR(t) =
1
M2R − t− iMRΓR
,
(30)
or variants thereof, e.g. with an energy-dependent
width [90–93].
Next, we turn to the contributions from the C-odd
axials h1(1170) and b1(1235) [58, 94]. Modifying the La-
grangian from [83] by Levi-Civita tensors to account for
the different parity, we find that only one structure pro-
duces a resonant contribution
F q,a1,T (t) = F
q
1,T (0)DR(t), Fˆ
q,a
2,T (t) = 0,
F q,a3,T (t) = −F q1,T (0)
m2N
M2R
DR(t), (31)
where R = h1(1170) and R = b1(1235) for the isoscalar
and isovector combinations, respectively, and the super-
script a indicates the new axial-vector contribution (par-
ity forbids such a coupling for the pseudoscalar mesons).
The tensor charges [49] determine the normalizations ac-
cording to
Fu,p1,T (0) = 0.784(28), F
d,p
1,T (0) = −0.204(11). (32)
Taking together vector and axial-vector contributions, we
find the representation
F q,p1,T (t) = ±
1
2
(
Fu,p1,T (0)− F d,p1,T (0)
)
Db1(t) (33)
+
1
2
(
Fu,p1,T (0) + F
d,p
1,T (0)
)
Dh1(t),
Fu,p2,T (t) = −
mN
2Mπ
Bπ,uT (0)
(
2GpM (t) +G
n
M (t)
)
+ 2F˜u,p1,T (t),
F d,p2,T (t) = −
mN
2Mπ
Bπ,uT (0)
(
GpM (t) + 2G
n
M (t)
)
+ 2F˜ d,p1,T (t),
Fu,p3,T (t) =
mN
4Mπ
Bπ,uT (0)
(
2F p2 (t) + F
n
2 (t)
)− F˜u,p1,T (t),
F d,p3,T (t) =
mN
4Mπ
Bπ,uT (0)
(
F p2 (t) + 2F
n
2 (t)
)− F˜ d,p1,T (t),
where ± corresponds to q = u, d, GM = F1 + F2, F˜ q1,T
is F q,a1,T (t) multiplied by m
2
N/M
2
R, and the neutron form
5Form factor Normalization Radius [fm2]
B
pi,u
T = −B
pi,d
T 0.195(10) 0.43(1)
BpiKT 0.686(25) 0.30(2)
Form factor Normalization Slope [GeV−2]
F
u,p
1,T 0.784(28) 0.54(11)
F
d,p
1,T −0.204(11) −0.11(2)
F
u,p
2,T −1.5(1.0) −7.0(8)
F
d,p
2,T 0.5(3) 2.5(3)
F
u,p
3,T 0.1(2) 1.8(2)
F
d,p
3,T −0.6(3) −2.1(2)
F
s,N
1,T −0.0027(16) −0.0014(9)
F
s,N
2,T −0.006(3) −0.005(8)
F
s,N
3,T 0.003(2) 0.001(4)
TABLE I: Summary of normalizations and radii/slopes for
the meson and nucleon tensor form factors.
factors follow from isospin symmetry. Our final results
for normalizations and slopes according to (33) are col-
lected in Table I. The uncertainties are estimated as fol-
lows: first, the part of the normalizations of F q2,T and
F q3,T derived from the electromagnetic form factors is
assigned a 40% uncertainty, corresponding to the sum-
rule violations observed in [68]. Similarly, the isovec-
tor sum rules for the electromagnetic radii suggest an
accuracy of the derivatives at a level of 10%. In both
cases, the isoscalar extension to the ω (and φ) should
hold at a similar level. This expectation follows from
the fact that the reason for the slow convergence of the
isovector sum rules as well as the departure from simple
pole dominance for the ρ, e.g. compared to the meson
form factors discussed above, traces back to the singu-
larity structure of the nucleon Born terms in pipi → NN¯ ,
but this threshold enhancement is compensated by phase
space for intermediate states with higher multiplicity
such as 3pi [95]. In the same way, since the 1+− reso-
nances mainly couple to the 3pi and 4pi channels, pole
dominance should again work reasonably well, as sug-
gested by the meson examples we attach a 20% uncer-
tainty. Indeed, the corresponding slopes agree well with
F˙u,p1,T = 0.57(3)GeV
−2 and F˙ d,p1,T = −0.14(2)GeV−2 from
lattice QCD [96] (note that these errors are incomplete
e.g. due to disconnected diagrams). In all cases, the un-
certainties associated with sum-rule convergence and pole
dominance by far outweigh the uncertainties in the nu-
cleon form factors. For definiteness, we take magnetic
moments and 〈r2E〉n = −0.12 fm2 from [74] (the latter
mainly based on [97, 98]) as well as rpE = 0.84 fm [99, 100],
rpM = 0.87 fm, r
n
M = 0.89 fm [101].
Finally, we remark that assuming SU(3) symmetry for
the tensor coupling the strangeness form factors can be
estimated in close analogy to (33)
F s,N1,T (t) = F
s,N
1,T (0)Dhs1(t),
F s,N2,T (t) = −
mN
2Mπ
Bπ,uT (0)G
s,N
M (t) + 2F˜
s,N
1,T (t),
F s,N3,T (t) =
mN
4Mπ
Bπ,uT (0)F
s,N
2 (t)− F˜ s,N1,T (t), (34)
where hs1 = h1(1380). Recent studies in lattice QCD
show that the vector [102] and tensor [49] strangeness
content of the nucleon is tiny, leading to the estimates
in Table I. In fact, (34) even predicts that κs,NT ≡ 0.
For strangeness, the uncertainties in the vector matrix
elements need to be included, we use µs = 0.006(4),
〈r2E,s〉N = 0.0012(9) fm2, 〈r2M,s〉N = 0.0014(27) fm2 [102].
The matrix elements of the heavy quarks c, b, t can be ad-
dressed using the heavy-quark expansion [103].
In conclusion, our main results in (33) and Table I sum-
marize the present status of meson and nucleon form fac-
tors of the antisymmetric tensor current, using all avail-
able information from lattice QCD, analyticity, unitarity,
and pole dominance. While in general the momentum de-
pendence of the form factors can be reconstructed quite
accurately, for the normalizations input from lattice QCD
is key, and the dominant uncertainties in the normaliza-
tion of the induced nucleon form factors precisely reflect
the fact that the sum rules for the normalization exhibit
rather slow convergence. However, the combination of all
available information allows us to provide reliable results
both for the normalizations and momentum dependence,
including form factors that previously could only be es-
timated using hadronic models [104–107]. Applications
are immediate for the search for dark matter in direct de-
tection experiments and lepton flavor violation in µ→ e
conversion in nuclei. In addition, the method developed
here could be extended to hyperon tensor form factors,
and thus improve the matrix elements required in the
search for non-standard hyperon decays [108].
Acknowledgments
We thank Gilberto Colangelo, Aurore Courtoy, and
Ulf-G. Meißner for comments on the manuscript. Fi-
nancial support by the DOE (Grant Nos. DE-FG02-
00ER41132 and DE-SC0009919), the DFG and NSFC
through funds provided to the Sino–German CRC
110 “Symmetries and the Emergence of Structure in
QCD” (DFG Grant No. TRR110 and NSFC Grant No.
11621131001), and the Swiss National Science Founda-
tion (Project Nos. PZ00P2 174228 and P300P2 167751)
is gratefully acknowledged.
[1] S. Weinberg, Phys. Rev. Lett. 43, 1566 (1979). [2] W. Buchmu¨ller and D. Wyler, Nucl. Phys. B 268, 621
6(1986).
[3] B. Grzadkowski, M. Iskrzyn´ski, M. Misiak and
J. Rosiek, JHEP 1010, 085 (2010) [arXiv:1008.4884
[hep-ph]].
[4] M. Gell-Mann and M. Le´vy, Nuovo Cim. 16, 705 (1960).
[5] M. Gell-Mann, Physics 1, 63 (1964).
[6] S. L. Glashow and S. Weinberg, Phys. Rev. Lett. 20,
224 (1968).
[7] M. Gonza´lez-Alonso and J. Martin Camalich, Phys.
Rev. Lett. 112, 042501 (2014) [arXiv:1309.4434 [hep-
ph]].
[8] S. Weinberg, Physica A 96, 327 (1979).
[9] J. Gasser and H. Leutwyler, Annals Phys. 158, 142
(1984).
[10] J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465
(1985).
[11] C. G. Callan and S. B. Treiman, Phys. Rev. Lett. 16,
153 (1966).
[12] S. Weinberg, Phys. Rev. Lett. 17, 336 (1966) [Erratum:
Phys. Rev. Lett. 18, 1178 (1967)].
[13] R. F. Dashen and M. Weinstein, Phys. Rev. Lett. 22,
1337 (1969).
[14] V. Bernard, M. Oertel, E. Passemar and J. Stern, Phys.
Lett. B 638, 480 (2006) [hep-ph/0603202].
[15] G. Abbas, B. Ananthanarayan, I. Caprini, I. Sentitemsu
Imsong and S. Ramanan, Eur. Phys. J. A 44, 175 (2010)
[arXiv:0912.2831 [hep-ph]].
[16] G. Colangelo, E. Passemar and P. Stoffer, Eur. Phys. J.
C 75, 172 (2015) [arXiv:1501.05627 [hep-ph]].
[17] T. P. Cheng and R. F. Dashen, Phys. Rev. Lett. 26, 594
(1971).
[18] L. S. Brown, W. J. Pardee and R. D. Peccei, Phys. Rev.
D 4, 2801 (1971).
[19] J. Gasser, H. Leutwyler and M. E. Sainio, Phys. Lett.
B 253, 252 (1991).
[20] M. Hoferichter, J. Ruiz de Elvira, B. Kubis and U.-
G. Meißner, Phys. Rev. Lett. 115, 092301 (2015)
[arXiv:1506.04142 [hep-ph]].
[21] O. Cata` and V. Mateu, JHEP 0709, 078 (2007)
[arXiv:0705.2948 [hep-ph]].
[22] M. Diehl, Phys. Rept. 388, 41 (2003) [hep-ph/0307382].
[23] A. Courtoy, S. Baeßler, M. Gonza´lez-Alonso and
S. Liuti, Phys. Rev. Lett. 115, 162001 (2015)
[arXiv:1503.06814 [hep-ph]].
[24] Z. B. Kang, A. Prokudin, P. Sun and F. Yuan, Phys.
Rev. D 93, 014009 (2016) [arXiv:1505.05589 [hep-ph]].
[25] Z. Ye et al., Phys. Lett. B 767, 91 (2017)
[arXiv:1609.02449 [hep-ph]].
[26] H. W. Lin, W. Melnitchouk, A. Prokudin, N. Sato
and H. Shows, Phys. Rev. Lett. 120, 152502 (2018)
[arXiv:1710.09858 [hep-ph]].
[27] M. Radici and A. Bacchetta, Phys. Rev. Lett. 120,
192001 (2018) [arXiv:1802.05212 [hep-ph]].
[28] G. Colangelo, G. Isidori and J. Portole´s, Phys. Lett. B
470, 134 (1999) [hep-ph/9908415].
[29] M. Antonelli et al. [FlaviaNet Working Group on Kaon
Decays], arXiv:0801.1817 [hep-ph].
[30] H. Z. Devi, L. Dhargyal and N. Sinha, Phys. Rev. D 90,
013016 (2014) [arXiv:1308.4383 [hep-ph]].
[31] V. Cirigliano, A. Crivellin and M. Hoferichter, Phys.
Rev. Lett. 120, 141803 (2018) [arXiv:1712.06595 [hep-
ph]].
[32] J. A. Miranda and P. Roig, JHEP 1811, 038 (2018)
[arXiv:1806.09547 [hep-ph]].
[33] J. Goodman, M. Ibe, A. Rajaraman, W. Shepherd,
T. M. P. Tait and H. B. Yu, Phys. Rev. D 82, 116010
(2010) [arXiv:1008.1783 [hep-ph]].
[34] M. Hoferichter, P. Klos and A. Schwenk, Phys. Lett. B
746, 410 (2015) [arXiv:1503.04811 [hep-ph]].
[35] M. Hoferichter, P. Klos, J. Mene´ndez and A. Schwenk,
Phys. Rev. D 94, 063505 (2016) [arXiv:1605.08043 [hep-
ph]].
[36] F. Bishara, J. Brod, B. Grinstein and J. Zupan, JHEP
1711, 059 (2017) [arXiv:1707.06998 [hep-ph]].
[37] M. Hoferichter, P. Klos, J. Mene´ndez and A. Schwenk,
Phys. Rev. D 99, 055031 (2019) [arXiv:1812.05617 [hep-
ph]].
[38] V. Cirigliano, R. Kitano, Y. Okada and P. Tuzon, Phys.
Rev. D 80, 013002 (2009) [arXiv:0904.0957 [hep-ph]].
[39] A. Crivellin, M. Hoferichter and M. Procura, Phys. Rev.
D 89, 093024 (2014) [arXiv:1404.7134 [hep-ph]].
[40] A. Crivellin, S. Davidson, G. M. Pruna and A. Signer,
JHEP 1705, 117 (2017) [arXiv:1702.03020 [hep-ph]].
[41] V. Cirigliano, S. Davidson and Y. Kuno, Phys. Lett. B
771, 242 (2017) [arXiv:1703.02057 [hep-ph]].
[42] M. Pospelov and A. Ritz, Annals Phys. 318, 119 (2005)
[hep-ph/0504231].
[43] J. Engel, M. J. Ramsey-Musolf and U. van Kolck, Prog.
Part. Nucl. Phys. 71, 21 (2013) [arXiv:1303.2371 [nucl-
th]].
[44] D. Becirevic et al. [SPQcdR Collaboration], Phys. Lett.
B 501, 98 (2001) [hep-ph/0010349].
[45] I. Baum, V. Lubicz, G. Martinelli, L. Orifici and S. Sim-
ula, Phys. Rev. D 84, 074503 (2011) [arXiv:1108.1021
[hep-lat]].
[46] T. Bhattacharya, V. Cirigliano, R. Gupta, H. W. Lin
and B. Yoon, Phys. Rev. Lett. 115, 212002 (2015)
[arXiv:1506.04196 [hep-lat]].
[47] C. Alexandrou et al., Phys. Rev. D 95, 114514
(2017) [Erratum: Phys. Rev. D 96, 099906 (2017)]
[arXiv:1703.08788 [hep-lat]].
[48] N. Yamanaka et al. [JLQCD Collaboration], Phys. Rev.
D 98, 054516 (2018) [arXiv:1805.10507 [hep-lat]].
[49] R. Gupta, B. Yoon, T. Bhattacharya, V. Cirigliano,
Y. C. Jang and H. W. Lin, Phys. Rev. D 98, 091501
(2018) [arXiv:1808.07597 [hep-lat]].
[50] G. Ecker, J. Gasser, A. Pich and E. de Rafael, Nucl.
Phys. B 321, 311 (1989).
[51] G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. de
Rafael, Phys. Lett. B 223, 425 (1989).
[52] W. R. Frazer and J. R. Fulco, Phys. Rev. 117, 1603
(1960).
[53] W. R. Frazer and J. R. Fulco, Phys. Rev. 117, 1609
(1960).
[54] G. Ho¨hler, E. Pietarinen, I. Sabba Stefanescu,
F. Borkowski, G. G. Simon, V. H. Walther and
R. D. Wendling, Nucl. Phys. B 114, 505 (1976).
[55] P. Mergell, U.-G. Meißner and D. Drechsel, Nucl. Phys.
A 596, 367 (1996) [hep-ph/9506375].
[56] M. A. Belushkin, H.-W. Hammer and U.-G. Meißner,
Phys. Rev. C 75, 035202 (2007) [hep-ph/0608337].
[57] I. T. Lorenz, U.-G. Meißner, H.-W. Hammer and
Y.-B. Dong, Phys. Rev. D 91, 014023 (2015)
[arXiv:1411.1704 [hep-ph]].
[58] L. P. Gamberg and G. R. Goldstein, Phys. Rev. Lett.
87, 242001 (2001) [hep-ph/0107176].
[59] K. M. Watson, Phys. Rev. 95, 228 (1954).
[60] R. Omne`s, Nuovo Cim. 8, 316 (1958).
7[61] J. F. de Troco´niz and F. J. Yndura´in, Phys. Rev. D 65,
093001 (2002) [hep-ph/0106025].
[62] H. Leutwyler, hep-ph/0212324.
[63] G. Colangelo, Nucl. Phys. Proc. Suppl. 131, 185 (2004)
[hep-ph/0312017].
[64] J. F. de Troco´niz and F. J. Yndura´in, Phys. Rev. D 71,
073008 (2005) [hep-ph/0402285].
[65] C. Hanhart, Phys. Lett. B 715, 170 (2012)
[arXiv:1203.6839 [hep-ph]].
[66] B. Ananthanarayan, I. Caprini, D. Das and I. Sen-
titemsu Imsong, Phys. Rev. D 89, 036007 (2014)
[arXiv:1312.5849 [hep-ph]].
[67] B. Ananthanarayan, I. Caprini, D. Das and I. Sen-
titemsu Imsong, Phys. Rev. D 93, 116007 (2016)
[arXiv:1605.00202 [hep-ph]].
[68] M. Hoferichter, B. Kubis, J. Ruiz de Elvira, H.-W. Ham-
mer and U.-G. Meißner, Eur. Phys. J. A 52, 331 (2016)
[arXiv:1609.06722 [hep-ph]].
[69] C. Hanhart, S. Holz, B. Kubis, A. Kups´c´, A. Wirzba and
C. W. Xiao, Eur. Phys. J. C 77, 98 (2017) [Erratum:
Eur. Phys. J. C 78, 450 (2018)] [arXiv:1611.09359 [hep-
ph]].
[70] G. Colangelo, M. Hoferichter and P. Stoffer, JHEP
1902, 006 (2019) [arXiv:1810.00007 [hep-ph]].
[71] M. Diehl, A. Manashov and A. Scha¨fer, Phys. Lett. B
622, 69 (2005) [hep-ph/0505269].
[72] G. P. Lepage and S. J. Brodsky, Phys. Rev. D 22, 2157
(1980).
[73] W. Dekens, E. E. Jenkins, A. V. Manohar and P. Stoffer,
JHEP 1901, 088 (2019) [arXiv:1810.05675 [hep-ph]].
[74] M. Tanabashi et al. [Particle Data Group], Phys. Rev.
D 98, 030001 (2018).
[75] G. Colangelo, J. Gasser and H. Leutwyler, Nucl. Phys.
B 603, 125 (2001) [hep-ph/0103088].
[76] R. Garc´ıa-Mart´ın, R. Kamin´ski, J. R. Pela´ez and
J. Ruiz de Elvira, Phys. Rev. Lett. 107, 072001 (2011)
[arXiv:1107.1635 [hep-ph]].
[77] M. Hoferichter, B. Kubis and M. Zanke, Phys. Rev. D
96, 114016 (2017) [arXiv:1710.00824 [hep-ph]].
[78] M. Hoferichter, J. Ruiz de Elvira, B. Kubis
and U.-G. Meißner, Phys. Rept. 625, 1 (2016)
[arXiv:1510.06039 [hep-ph]].
[79] P. Federbush, M. L. Goldberger and S. B. Treiman,
Phys. Rev. 112, 642 (1958).
[80] S. Weinberg, Phys. Rev. 112, 1375 (1958).
[81] S. L. Adler, E. W. Colglazier, Jr., J. B. Healy, I. Kar-
liner, J. Lieberman, Y. J. Ng and H. S. Tsao, Phys. Rev.
D 11, 3309 (1975).
[82] M. Go¨ckeler et al. [QCDSF and UKQCD Collabo-
rations], Phys. Rev. Lett. 98, 222001 (2007) [hep-
lat/0612032].
[83] B. Kubis and R. Lewis, Phys. Rev. C 74, 015204 (2006)
[nucl-th/0605006].
[84] V. M. Braun et al., JHEP 1704, 082 (2017)
[arXiv:1612.02955 [hep-lat]].
[85] O. Cata` and V. Mateu, Phys. Rev. D 77, 116009 (2008)
[arXiv:0801.4374 [hep-ph]].
[86] V. M. Braun, T. Burch, C. Gattringer, M. Go¨ckeler,
G. Lacagnina, S. Schaefer and A. Scha¨fer, Phys. Rev. D
68, 054501 (2003) [hep-lat/0306006].
[87] C. Allton et al. [RBC-UKQCD Collaboration], Phys.
Rev. D 78, 114509 (2008) [arXiv:0804.0473 [hep-lat]].
[88] K. Jansen et al. [ETM Collaboration], Phys. Rev. D 80,
054510 (2009) [arXiv:0906.4720 [hep-lat]].
[89] O. Cata` and V. Mateu, Nucl. Phys. B 831, 204 (2010)
[arXiv:0907.5422 [hep-ph]].
[90] E. L. Lomon and S. Pacetti, Phys. Rev. D 85, 113004
(2012) [Erratum: Phys. Rev. D 86, 039901 (2012)]
[arXiv:1201.6126 [hep-ph]].
[91] B. Moussallam, Eur. Phys. J. C 73, 2539 (2013)
[arXiv:1305.3143 [hep-ph]].
[92] M. Hoferichter, B. Kubis, S. Leupold, F. Niecknig
and S. P. Schneider, Eur. Phys. J. C 74, 3180 (2014)
[arXiv:1410.4691 [hep-ph]].
[93] M. Hoferichter, B.-L. Hoid, B. Kubis, S. Leupold
and S. P. Schneider, JHEP 1810, 141 (2018)
[arXiv:1808.04823 [hep-ph]].
[94] G. Ecker and C. Zauner, Eur. Phys. J. C 52, 315 (2007)
[arXiv:0705.0624 [hep-ph]].
[95] V. Bernard, N. Kaiser and U.-G. Meißner, Nucl. Phys.
A 611, 429 (1996) [hep-ph/9607428].
[96] M. Go¨ckeler et al. [QCDSF and UKQCD Collabora-
tions], Phys. Lett. B 627, 113 (2005) [hep-lat/0507001].
[97] L. Koester et al., Phys. Rev. C 51, 3363 (1995).
[98] S. Kopecky et al., Phys. Rev. C 56, 2229 (1997).
[99] R. Pohl et al., Nature 466, 213 (2010).
[100] A. Antognini et al., Science 339, 417 (2013).
[101] Z. Epstein, G. Paz and J. Roy, Phys. Rev. D 90, 074027
(2014) [arXiv:1407.5683 [hep-ph]].
[102] C. Alexandrou, M. Constantinou, K. Hadjiyiannakou,
K. Jansen, C. Kallidonis, G. Koutsou and A. Va-
quero Avile´s-Casco, Phys. Rev. D 97, 094504 (2018)
[arXiv:1801.09581 [hep-lat]].
[103] M. V. Polyakov and J. Sieverding, JHEP 1601, 092
(2016) [arXiv:1505.06942 [hep-ph]].
[104] B. Pasquini, M. Pincetti and S. Boffi, Phys. Rev. D 72,
094029 (2005) [hep-ph/0510376].
[105] T. Ledwig, A. Silva and H.-C. Kim, Phys. Rev. D 82,
054014 (2010) [arXiv:1007.1355 [hep-ph]].
[106] G. Erkol and A. Ozpineci, Phys. Lett. B 704, 551 (2011)
[arXiv:1107.4584 [hep-ph]].
[107] T. Ledwig and H.-C. Kim, Phys. Rev. D 85, 034041
(2012) [arXiv:1107.4952 [hep-ph]].
[108] H. M. Chang, M. Gonza´lez-Alonso and J. Mar-
tin Camalich, Phys. Rev. Lett. 114, 161802 (2015)
[arXiv:1412.8484 [hep-ph]].
